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Abstract. We answer a question of Vorobets by showing that 
the lattice property for flat surfaces is equivalent to the existence 
of a positive lower bound for the areas of affine triangles. We show 
that the set of affine equivalence classes of lattice surfaces with a 
fixed positive lower bound for the areas of triangles is finite and we 
obtain explicit bounds on its cardinality. We deduce several other 
characterizations of the lattice property. 



1. Introduction 

Our objects of study are translation and half-translation surfaces 
and their affine automorphism groups. These structures arise in the 
study of rational polygonal billiards. They also arise in Thurston's 
classification of surface diffeomorphisms in connection with measured 
foliations. Isomorphic structures arise in complex analysis where they 
are called respectively abelian differentials and quadratic differentials. 
We will use the term flat surface for both translation and half transla- 
tion surfaces when it is not important to distinguish between the two 
types. For more details on flat surfaces see |Vol IMaTat IZo] . 

Let Aff(M) denote the affine automorphism group of a flat surface 
M . For a typical flat surface this group is trivial; however surfaces with 
non-trivial automorphism groups are quite interesting. Taking the dif- 
ferential of the automorphism yields a homomorphism D : Aff(M) G 
with flnite kernel, where G is either SL(2,M) or PSL(2,]R) depending 
on whether M is a translation or half-translation surface. The image 
Fjv/ of this homomorphism is called the Veech group of M. We say 
that M is a lattice surface if Tm is a lattice, i.e. has flnite covolume 
in G. In a celebrated paper [Velj . Veech constructed a family of lat- 
tice surfaces, and showed that lattice surfaces have striking dynamical 
properties, in particular they satisfy the 'Veech dichotomy' which will 
be discussed below. Other examples have been constructed by several 
authors and classiflcations of lattice surfaces are known in special cases 
(see |GuJut IKeSmt IPut ICalt IMcM] ). but an overall classiflcation does 
not yet exist. 
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Vorobets jVoj found a connection between the lattice property and 
the collection of areas of triangles in the surface. A flat surface is 
equipped with a finite set of distinguished points S = S^/ which con- 
tains all cone points (those with cone angle not equal to 27r) and may 
contain other points. We always assume E 7^ 0, and that elements of 
Aff (M) preserve S. A triangle in M is the image of an affine map from 
a triangle in the plane to M, which takes the vertices of the triangle to 
points in S, is injective on the interior of the triangle, and such that in- 
terior points do not map to S. In particular the vertices of the triangle 
need not be distinct. The collection of areas of triangles will be denoted 
by T(M). Vorobets proved that M is a lattice surface if and only if 
T(M) is finite. Say that M has no small triangles if inf T{M) > 0. 
Vorobets also showed that if M has no small triangles then it satisfies 
the Veech dichotomy, and raised the question of whether the no small 
triangles property is equivalent to the lattice property. 

Theorem 1.1. A flat surface has the lattice property if and only if it 
has no small triangles. 

Let us consider only surfaces M which have total area 1. For a > 0, 

let 

NST(a) = {M : inf r(M) > a} . 

Say that M and M' are affinely equivalent if there is an affine home- 
omorphism between them; note that for surfaces of area 1, T(M) de- 
pends only on the affine equivalence class of M. 

Theorem 1.2. For any a > 0, NST(a) contains a finite number of 
affine equivalence classes. 

See Proposition 17.21 for an explicit bound on this number, and see 
Proposition 17.31 for a bound on the sum, over all M G NST(a), of the 
CO- areas of Fm- 

Besides Theorem II. ![ our results yield several different characteri- 
zations of lattice surfaces, which we collect in Theorem 11.31 below. To 
state them we introduce some terminology. A saddle connection on M 
is a straight segment on M connecting points of S (which need not be 
distinct), with no points of E in its interior. Let C = Cm denote the 
set of all saddle connections on M, and let C{6) = Cm{(^) denote the 
set of saddle connections in direction 6. We say that ^ is a periodic 
direction if each connected component of M \ C{6) is a cylinder with 
a waist curve in direction 6. Veech |Velj showed that a lattice surface 
satisfies the following dichotomy: 

I. If C{9) then 6' is a periodic direction. 
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II. If C{6) = then jFg is uniquely ergodic. 

This dichotomy does not characterize the lattice property (see |SmWel] ). 
but a modification of property I introduced by Vorobets does. Namely, 
say that M is uniformly completely periodic if there is s > such that 
each 6 for which C{6) 7^ is a periodic direction, and the ratio of 
lengths of any two segments in C{6) does not exceed s. We will show 
that this property characterizes the lattice property. Moreover, for a 
lattice surface in NST(a) we will provide an effective estimate for s in 
terms of a, see Proposition 13. 2[ 

A periodic direction 6 is called parabolic if the moduli of all the cylin- 
ders are commensurable, and M is called uniformly completely para- 
bolic if it is uniformly completely periodic, with all periodic directions 
parabolic. 

Another characterization involves the set of holonomy vectors of sad- 
dle connections. Associated with 5 G £ is a vector hol(5) in the plane 
of the same length and direction as 6. We set 



This is a discrete Fa/ -invariant subset of the plane which has attracted 
considerable attention. For /3 > 0, we let 



NSVT(/5) = {M : inf{|t;i Av2\:ihe hol(M), A t-a ^ 0} > /?} , 



and say that M has no small virtual triangles if it belongs to some 
NSVT(/3). We will show that having no small virtual triangles is also 
equivalent to the lattice property. 

Two other characterizations involve the dynamics of the G-action on 
the space of fiat surfaces. Associated with M is the topological data 
consisting of the underlying surface, the number of points in S and the 
associated cone angles, and whether or not the corresponding foliations 
are orientable. The set of all M sharing this data is a noncompact 
orbifold called a stratum. The restriction of the action of G to the 
subgroup {gt}, where 



is called the geodesic flow. 

Theorem 1.3. The following are equivalent for a flat surface M: 

(i) M is a lattice surface. 

(ii) M is uniformly completely periodic. 

(iii) M is uniformly completely parabolic. 



hol(M) = {hol(5) : 5 G £}. 




(iv) \T{M)\ < 00. 
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(v) The set of triangles for M consists of finitely many Aff(M)- 
orbits. 

(vi) M has no small triangles. 

(vii) {u A V : u,v & hol(M)} is a discrete set of numbers. 

(viii) For any T > 0, the set 

{(e,r/) e Cm X Cm : |hol(0 A hol(r/)| < T} 

contains finitely many AS{M)-orbits. 
M has no small virtual triangles. 
The G-orbit of M is closed. 

There is a compact subset K of the stratum containing M such 
that for any g & G, the geodesic orbit of gM intersects K. 

Many of these implications are due to Vorobets [Voj §6]. The main 
new imphcation is (vi) =^ (i). Our first proof of this imphcation is 
sketched in |SmWe2j . 

The proofs of Theorems 11.11 and 11.21 are similar. Vorobets showed 
that if M has no small triangles any saddle connection direction is 
parabolic, so associated with two non-parallel saddle connections are 
a pair of cylinder decompositions of M, each with cylinders of com- 
mensurable moduli. Moreover a bound on triangle areas leads to an 
upper bound on certain combinatorial data associated with two cylin- 
der decompositions. Arguments of Thurston and Veech show that such 
combinatorial data determine a fiat surface up to affine equivalence. 
This immediately yields Theorem 11.21 

To derive Theorem 11.11 we introduce the spine 11 of a translation 
surface M; this is a F^f-invariant tree in H, whose edges are labeled by 
two saddle connections on M, and correspond to the surfaces affinely 
equivalent to M for which these saddle connections are simultaneously 
shortest. There is a retraction p : EI ^ 11 taking a surface in which 
all shortest saddle connections are parallel, to an affinely equivalent 
surface which has shortest saddle connections in two or more directions. 
For each edge e of 11, p~^(e) is a finite-area domain in H, and e is 
associated with a pair of cylinder decompositions. A bound on triangle 
areas bounds the combinatorial data and thus bounds the number of 
edges in n/Fj\/, giving a bound on the area of M./T m- 

Theorems 1 1 . 1 1 and 1 1 . 2 1 suggest a natural ordering on the set of lattice 
surfaces. For a lattice surface M, let a{M) denote the largest a for 
which M G NST(a). Then all (affine equivalence classes of) lattice 
surfaces may be written as 

Ml, Ms, ... , with a(Mi) > ^(Ms) > ■ ■ ■ , (1) 
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and a similar ordering exists with the NSVT condition instead of the 
NST condition. 

It would be desirable to have an algorithm which, given a > 0, lists 
all surfaces in NST(q!) or NSVT(q;). Our analysis yields an explicit 
finite set of surfaces, presented in terms of Thurston- Veech combinato- 
rial data, which contains all the above lattice surfaces, and implicitly, 
an algorithm for distinguishing the lattice from the non-lattice surfaces. 
This is our motivation for providing effective proofs and explicit esti- 
mates for the cardinality of certain finite sets. We suspect our explicit 
estimates are far from optimal and believe additional theoretical work 
would be required in order to create an algorithm which is practically 
feasible. 

In the interest of presenting the simplest formulae, our estimates 
may be presented in terms of either triangle or virtual triangle areas. 
We do not present estimates involving the genus of M or the stratum 
containing M , both because these are harder to obtain, and because 
the same effective search will produce the lattice surfaces in all genera. 

The relation between the no small triangles and no small virtual 
triangles properties is described in the following: 

Theorem 1.4. NSVT(a/2) C NST(a) C NSVT(2ae-^/(2ae)^)^ 

Without conducting computer searches, we are able to determine 
Ml, . . . , Mf. They are all arithmetic, and comprise NST (|) . 

Acknowledgements. We thank Alex Eskin for drawing our at- 
tention to |Voj at an early stage of this work, and we thank Yaroslav 
Vorobets for useful discussions. The authors gratefully acknowledge 
support from NSF grant DMS-0302357, BSF grant 2004149 and ISF 
grant 584/04. 

2. Basics 

We review some definitions here. For more details we refer the reader 
to |MaTal IVol IZo] . Throughout this paper, M denotes a connected 
oriented surface with a flat structure. When there is no danger of con- 
fusion, we will also denote by M the underlying topological surface. 
We denote the genus oi M hy g. A half-translation structure may be 
thought of as an equivalence class of atlases of charts ipa) covering 
all but a non-empty finite set S = Em, such that the transition func- 
tions — >■ are of the form x i— >■ ±x -|- c, and such that around each 
(T G S the charts glue together to form a cone point with cone angle 
27r(r -|- 1), where r = r^- G { — |, |, 1; f; • • •}• A translation structure 
is similarly defined, with the requirement that the transition functions 
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are of the form x t-^ x + c. Points in S are called singularities. Several 
authors permit singularities cr for which r„ = 0; such points are called 
removable singularities or marked points. Except in ^ we will always 
assume that our singularities are not removable. 

An orientation-preserving homeomorphism ip : Mi M2 which is 
affine in each chart is called an affine isomorphism., or an affine au- 
tomorphism if Ml = M2. We denote the set of affine automorphisms 
of M by Aff(M). An affine isomorphism whose linear part is ±Id is 
called an translation equivalence. The map D : Aff(M) — >■ G which 
assigns to ip its linear part has a finite kernel, consisting of translation 
equivalences of M. Two atlases are considered equivalent if there is a 
translation equivalence betweeen them. 

There is a standard orientation double cover construction which as- 
sociates to each half-translation surface M a translation surface M' 
with a branched degree two translation cover M' —>■ M; thus many 
statements about flat surfaces can be reduced to statements about 
translation surfaces. 

A standard analogue of the Gauss-Bonnet formula (see |Voj ) says 
that 

J2r. = 2g-2. (2) 
Summing the total angle at all the singularities we obtain the number 
r = t{M) = J2 27r(r^ + 1) = 27r (2^ - 2 + |S|) . (3) 

Since each triangle in a triangulation of M with vertices in S con- 
tributes a total angle of vr, the number of triangles in such a triangu- 
lation is exactly r/vr. 

A flat surface inherits a Euclidean area form from the plane and we 
normalize our surfaces by assuming that each surface has unit area. 
An affine automorphism of M is a self-homeomorphism which is affine 
in each chart. 

For a flat surface M let tm = (^"cr)o-gSJ^,^• The set of all translation 
equivalence classes of (half-) translation surfaces of a given combina- 
torial type, namely those for which the data tm is flxed, is called a 
stratum. Each stratum is equipped with a structure of an affine orb- 
ifold, which is locally modeled on H^{M, S; M^) (in the case of transla- 
tion surfaces), or an appropriate subspace of the H^{M, S; M^) (in the 
case of half-translation surfaces, where M, E are the orientation double 
cover of M, E) . 

There is an action of G on 7^ by post-composition on each chart in 
an atlas. It follows from the above that Tm = {g ^ G : gM = M}. We 
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define 

/ cos^ -sine \ ^ 1 s \ r / 1 \ 

'''=[sine cose J' ^^=^0 1 J' ^^=[s l)^ 

which we view as one-parameter subgroups of G. 

By a direction we mean an element of P(M^) (resp. 5^) in the case of 
half-translation (resp. translation) surfaces. There is a natural action 
of G on the set of directions. 

A cylinder for M is a topological annulus on the surface which is 
isometric to M/cZ x (0, /i), where c is the circumference of the cylinder 
and h is its height. We say that the cylinder is horizontal (vertical) if 
the angle between the horizontal direction and the direction of the waist 
curve is (resp. 7r/2). Note that if the cylinder is vertical then the 
height actually measures its horizontal width. A cylinder is maximal 
if it is not contained in a larger cylinder, and this implies that both 
of its boundary components contain singularities. We define C{9) to 
be the collection of closed saddle connections in direction 6. Recall 
that if ^ is a periodic direction then M has a cylinder decomposition 
in direction 9 i.e., the complement of C{9) is a union of cylinders. 
An automorphism G Aff(M) is called parabolic if Dip G Fm is a 
parabolic matrix. The inverse modulus of a cylinder as above is yU. = 
w/h. We say that real numbers fii, . . . , fik G M are commensurable 
if fii/fj,j G Q for all i,j G {l,...,/c}. If this holds, we denote by 
fi = LCM(/ii, . . . , /ifc) the smallest positive number which is an integer 
multiple of all the fii, and we call (ni, . . . ,nfc), where rij = the 
Dehn twist vector corresponding to the cylinder decomposition. Note 
that by definition gcd(?7,i, . . . ,nk) = 1. This terminology is motivated 
by the fact if G Aff(M) is such that Dip is parabolic and fixes the 
direction 6, then there is a cylinder decomposition in direction 6 with 
the inverse moduli of the cylinders commensurable. Conversely, given a 
decomposition of M into cylinders for which the /ij are commensurable, 
one can construct an associated parabolic affine automorphism. We 
say that ip is simple if ip fixes the saddle connections C{9) pointwise. 
This implies that each cylinder is taken to itself and that the map on 
each cylinder is topologically a certain number of Dehn twists. Let 
rii, . . . , rifc be a collection of natural numbers and let /i 7^ satisfy the 
equation njfij = fi. Then there is a simple parabolic automorphism 
ip with derivative Dip = rghnr^o which induces nj Dehn twists in the 
cylinder Gj. 
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3. Cylinder decompositions 

Vorobets showed that cyhnder decompositions arise in connection 
with the no small triangles condition: 

Proposition 3.1 (Vorobets). If M has no small triangles then any 
direction 9 for which C{9) ^ is parabolic. 

In addition Vorobets obtained bounds on the ratios of lengths of 
saddle connections in C{9) and the Dehn twist numbers Uj. We will 
review Vorobets' arguments here and use them to relate the no small 
triangles and the no small virtual triangle conditions. Where possible 
we will improve the constants that arise. 

Proposition 3.2. //M G NST(a) then M is s-uniformly periodic for 
s = min \^e^/^'^°'^\ (2(r — 1)q!)^~^}, where r is the maximal number of 
cylinders in a cylinder decomposition on M. 

Proof. Suppose ^ is a saddle connection direction for M G NST(q;). 
We know from Proposition 13. II that ^ is a periodic direction on M. Let 
a, a' G Cm (9). Suppose first that a, a' are on the boundary of the same 
cylinder C, of area A. Let h be the height of C, and let x, x' be the 
lengths of a, a'. Then xh < A since the circumference of C is at least 
X, and x'h > 2a since C contains a triangle of area x'h/2. This implies 
that 

^ = ^ < A f4) 
x' x'h -2a' ^ ^ 

Now suppose a, a' are not on the boundary of the same cylinder. Since 
M is connected, there is a chain of cylinders Ci, . . .Cj such that a = (Xi 
is on the boundary of Ci and a' = (Jj+i is on the boundary of Cj, and 
Ci and Cj+i meet along a segment ai of length xi for i = 1, . . . , j. 
Applying (jlj) j times we have 




Since M has area 1 and the cylinders Ci are disjoint. 

The maximum of the right hand side of ^ subject to the constraint 
(EI) occurs when when Ai = 1/j, so that 

X 

The maximum of {2ja)^^ as a function of j occurs when j = 1/ (2ae) . 
If l/{2ae) > r — 1 then the maximum value of 2ja^-' occurs when 
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j = r — 1. In this case the maximum value of 2ja~^ is (2(r — 

If l/{2ae) < r — 1 then the maximum value of {2ja)~^ occurs when 

j = r — 1. In this case the maximum value of {2ja)~^ is e^^^'^°'^\ □ 

We deduce the following statement, which implies Theorem 11.41 

Proposition 3.3. // M G NST(a) and the number of cylinders in a 
decomposition of M is at most r, then M G NSVT(/5) where 

(3 = 2a max {e-^/^'"''\ (2(r - . 

Proof. Let M G NST(a). Let ^ and r] be nonparallel saddle connections 
on M. By applying an element of G we may assume that ^ is horizontal 
and T) vertical. Since M G NST(a) there is a decomposition of M 
into horizontal cylinders, so there is a saddle connection ^' parallel to 
^ making an angle of 7r/2 with t] at one of the endpoints of rj. By 
Proposition 13.21 we have x' < sx, where x, x' are the lengths of ^, ^' and 
s = min {ei/(2ae)^ (^2{r - l)aY~''}. 

Consider the right triangle A in the plane with horizontal and ver- 
tical sides the same length as t]. If there is an isometric copy of A 
embedded in M under an affine mapping sending its edges to 77, we 
would have A ?7|/2 = area A > a. If there is no such isometric copy 
of A then M contains an isometric copy of a triangle contained in A, 
and again A ?7| > 2a. Therefore 

!,>./ , 2a 
1^ Ar/I > Ar]\ > — = p. 
s s 

□ 

Remark 3.4. When applying Propositions 1 3. 2\ \3.3\ it is useful to have a 
bound for the maximal number of cylinders in a cylinder decomposition 
on M . A standard bound of2g+\L\ — 2 can be found in e.g. [KeMaSmt 
proof of Lemma, p. 302]. A better bound is g + i + [|J — 1, where g 
is the genus of M, and i (resp. j) is the number of even (resp. odd) - 
angled singularities of M. A proof of this bound, due to the first-named 
author, is given in |Naj for the case of translation surfaces; the same 
proof works for half-translation surfaces. 

For the cylinder decompositions that arise via Proposition 13. 11 Voro- 
bets bounded the number and size of the Dehn twist numbers in terms 
of the lower bound for of triangles. We give our version here. 

Proposition 3.5. The number of Dehn twist vectors for a cylinder 
decomposition of a surface in NST(a) into r cylinders is bounded above 
by: 

(8a)2(i-^)(l-21og8a)^-\ 
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Proof. Let M = Ci U ■ ■ ■ U C,. be a cylinder decomposition, where the 
cyhnders have inverse moduh /ii,...,/!^. We can recover the Dehn 
twist vector n from the numbers fii / fij . 

We first recall Vorobets' argument which gives a restriction on the 
ratio of moduli of neighboring cylinders. Say that we have a pair of 
cylinders Ci and Cj with an edge in common. Let h and c be the 
height and circumference of a cylinder and let A be its area. As shown 
in |Vol proof of Prop. 6.2], applying the G-action and Dehn twists 
in the cylinders one can find a triangle in Ci U Cj with base hi and 

height in wq + Z^ihj + Zwj = Wj (^—'^ + for some wq. Since for 

= p/q we have that Z + — Z is l/2g-dense in M, we have by our 
hypothesis 

hiWj 

If we interchange the roles of the cylinders we get p < hjWi/{4:a), and 
multiplying the equations gives 

^ hiWihjWj AiAj . . 

The maximum of the right hand side of ([7]) under the constraint Ai + 
Aj < 1 is attained when A^ = Aj = 1/2 so we get 

1 

pq < 



To count the possible values we note that the number of pairs of 
natural numbers (x, y) that satisfy xy < K is bounded by the area 
under the graph of y = min{K, logx) from x = to x = K and this 
area is K{1 + logK). Thus the number of possible ratios of moduli of 

neighboring cylinders is bounded by ( 1 + log 



64a2 to g4^2 

The connections between cylinders can be recorded in a graph whose 
vertices are cylinders and whose edges correspond to cylinders which 
share a segment. Since M is connected this graph is connected. In order 
to recover n it suffices to know the ratios of moduli for a collection of 
edges that span a maximal tree in this graph. The number of edges in 
a maximal tree is r — 1, and we obtain our bound of 



n 



64^2 V" ■ "'°64a 

edges 



log— ^ ) = (8a)2(i-'^)(l-21og8a) 



□ 
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We will also need a similar bound in terms of /3, when M e NSVT(/3). 
Note that this bound is independent of r. 

Proposition 3.6. // M e NSVT(/3) and n = (ni, . . .,nr) is a Dehn 
twist vector for a parabolic direction on M with a decomposition into r 
cylinders, then for any i,j: 

pq < where ^ = ^ and gcd(p,g) = l. (8) 

Proof. By renumbering assume i = 1, J = 2. Let Ci,C2 be the corre- 
sponding cylinders and let 61,62 be saddle connections passing across 
the cylinders, so that hol(5j) = {xi,hi), where \hi\ is the height of Cj 
and \xi\ is no greater than the circumference q of Cj. By applying Dehn 
twists in Ci, C2 and the G-action, we find an affinely equivalent surface 
for which hol((5i) = (0, hi) and hol((52) = {x, /12) with |x| < ci/2g. This 
implies 

P < |hol(5i) A hol((52)| = \xh,\ < 

2q 

Interchanging the roles of Ci, C2 we obtain [3 < so that 

where Ai is the area of Cj. The maximum of the right hand side of iQ 
subject to the requirement Ai + A2 < 1 is obtained when Ai = A2 = 
1/2, and we obtain □ 



4. The spine and a criterion for finite covolume 

Given a flat surface M of area 1 we can consider the collection of 
all area 1 surfaces M' affinely equivalent to M. An affine equivalence 
f : M ^ M' determines an element g = Df G G, whose coset qTm 
in G/Tm depends only on M'. This establishes an identification of 
G/Vm with its affine equivalence class. The Veech group F = Fjv/ is 
the isotropy group of M so we can identify this family with G/T. Iden- 
tifying two flat surfaces which are isometric, we flnd that the collection 
of isometry classes of surfaces affinely equivalent to M can be identi- 
fied with PS0(2, M)\G/r or H/F where H is the hyperbohc plane. The 
image of this quotient in moduli space is also called the Teichmiiller 
disk associated to M. 

We define A(M) to be the infimum of lengths of saddle connections 
in M. Since the collection of lengths of saddle connections is discrete 
this infimum is achieved and is positive. The function A depends only 
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on the isometry class of M so it is well defined on EI/F. It is also useful 
to view it as a F-invariant function on H. 
The function A is bounded above. 

Proposition 4.1. If t = t{M) is as in then A(M) < a/2/V. 

Proof. Write A for A(M). Let Mq C M consist of points p G M for 
which the distance from p to a point of S is less than A/2, so that p 
is closest to a unique g G S. If we fix a g G S then the set of points 
in Mq closest to q has area CgA^/2 where Cq is the cone angle at q. By 
the area of Mq is rA^/2. Since the total area of M is 1 we have 
A < ^/2/^. □ 

We say a saddle connection a has minimal length if i{a) = A(M). 
The number of minimal length saddle connections in M is finite and 
is generically one. Let 11 be the subset of EI corresponding to surfaces 
affinely isomorphic to M which have at least two non-parallel minimal 
length saddle connections. This is a locally finite geodesic subcomplex 
of EI which we call the spine of M. A related but distinct construction 
is the tesselation studied in Veech |Ve3] and Bowman [Bo] . 

The edges of 11 correspond to surfaces with minimal length saddle 
connections in exactly two directions. These edges are geodesic seg- 
ments in EI. Indeed, if and t] are minimal length saddle connections 
in distinct directions on M then the vectors v = hol(.^) and w = hol(?7) 
have the same length. We can rotate the translation structure so that 
the vector v + w is horizontal and the vector v — w is vertical. In these 
coordinates v = (x, y) and w = {x, —y) for some x, y G M. If we apply 
the geodesic flow to M the holonomy vectors of these saddle connec- 
tions with respect to gt{M) are (e*/^x, e"*/^?/) and (e*/^a;, — e~*/^t/), so 
the vectors continue to have the same length. In fact this geodesic in 
EI is exactly the set of translation structures for which ^ and r] have the 
same length. The edge in 11 that contains M is a segment contained 
in this geodesic. 

Clearly 11 is F Af -invariant. The vertices of 11 correspond to surfaces 
with minimal length saddle connections in three or more directions. 
We will use 11 to get a condition for the lattice property. 

Proposition 4.2. The area o/EI/Fm is bounded above by 2ttN where 
N is the number of edges in Il/T m- 

Proof. Write F = F^f. We define a retraction p : EI/F — > II/F. We will 
describe p as a F-invariant map from EI to 11. Let 2; G EI. It corresponds 
to a set of isometric translation surfaces, i.e. to S0(2,IR) ■ M' for some 
M' in the G-orbit of M. If M' has minimal length saddle connections 
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in two or more non-parallel directions then M' represents a point in 
n and we define p{z) = z. If all minimal length saddle connections 
on M are in the same direction, by rotating the coordinate system on 
the surface we can assume that this direction is horizontal. Now apply 
the geodesic flow gt to the rotated surface. The length of the shortest 
saddle connection a in the surface gt{M') is e*/^ times the original 
length of a. As long as gt{M') is in the complement of 11, a remains 
a minimal length segment. Since the length of the shortest curve in 
gt{M') is bounded above, for some to we have gt^^M') G 11, and we 
define p{z) to be the isometry class of gtg{M'). 

We now show that the set of all points which retract to a given 
point corresponding to the surface Mq in 11 is a union of geodesic rays, 
one for each direction of a minimal length saddle connection in Mq. 
Pick a saddle connection a of minimal length in Mq. By rotating the 
coordinate system assume that a is horizontal. Consider the collection 
of surfaces that we get by flowing by g^t for t > 0. The matrix for g^t 
contracts the horizontal direction more than any other direction so in 
each of these surfaces g-tM^ the saddle connection a still has minimal 
length and is shorter than all saddle connections in other directions. 
It follows that for each of these surfaces the retraction takes g-tM^ to 
Mo. 

Pick an edge e of 11. There are minimal length saddle connections 
in two directions. Pick one direction and let a be a saddle connection 
in this direction. The collection of surfaces which retract to e and 
correspond to the direction of a in 11 is a union of geodesic rays all of 
which are asymptotic to the same point on the boundary of EI (which 
corresponds to the direction of a). It follows that the set of points that 
retract to e consists of two geodesic triangles each with one vertex at 
infinity. Since the area of a geodesic triangle is bounded above by tt 
the total area of H/F is bounded above by 2-11 N. □ 

Remark 4.3. The existence of the retraction p : EI 11 implies that 
n is homotopy- equivalent to EI, i.e. a tree. 

As we explained each edge e in 11 is a geodesic segment corresponding 
to the surfaces for which two saddle connections, say C, and t] have the 
same length. There is a unique point on the geodesic containing e 
corresponding to a surface Mq where the saddle connections and rj 
have equal length and are perpendicular. It is conceivable that Mq is 
not in e, but nevertheless we have: 

Lemma 4.4. In the surface Mq the common length of ^ and rj is no 
more than A/2/r, where t is as in 
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Proof. Let M' correspond to a point in e. By Proposition 14.11 in this 
surface the lengths of ^ and rj are bounded above by ^/2/t. Since 
the (fraction preserves |^ A ?7| = ^(^)£(?7) sin6', where 9 is the angle 
between ^ and rj, the minimum of is attained when ^ and t] are 
perpendicular. Thus the lengths at Mq are no greater than the lengths 
at M', and we can use Proposition 14.11 □ 

We say that a translation surface M is in standard form if it has ver- 
tical and horizontal saddle connections, and if the shortest horizontal 
and vertical saddle connections have the same length and this length 
is bounded by a/2 /r(M). 

Corollary 4.5. The area of M/Tm is at most 2ttE where E is the 
number of standard form surfaces affinely equivalent to M. 

□ 

5. The complexity of pairs of cylinder decompositions 

A pair of cylinder decompositions in distinct directions determine 
a decomposition of the surface into parallelograms. We measure the 
complexity of the pair by counting the number of parallelograms in this 
decomposition. We will show that a lower bound on the area of virtual 
triangles allows us to find a pair of cylinder decompositions for which 
we can bound the complexity. 

Proposition 5.1. Suppose M G NSVT(/5o) and ^ and rj are saddle 
connections on M with |hol(^) A hoi (77) | = P > Po- Then the number of 
rectangles in the pair of cylinder decompositions determined by ^ and 
7] is no more than P/Pq. 

Proof. By changing coordinates using an element of G we may assume 
that C, is horizontal and rj is vertical, and they have the same length. 
The product of the lengths is /? so both lengths are ^/J3. Let h be the 
height of a horizontal cylinder. There are singularities on the top and 
bottom of this cylinder and a saddle connection a between them. The 
quantity |hol(cr) Ahol(^)| is just h^/J3. By assumption |hol((T) Ahol(^)| > 
/3q so h > A similar calculation for the width of the vertical 

cylinders gives w > Po/VP- It follows that the area of any rectangle is 
at least /3q//3. Since the total area of M is 1, the number of cylinders 
is at most P/Pq. □ 

Corollary 5.2. A surface in NSVT(/3) is affinely equivalent to a stan- 
dard form surface with at most 1/P rectangles. 



Proof. This follows from Proposition 15.11 with P = Pq. 



□ 
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Corollary 5.3. A standard form surface in NSVT(/3) has a decompo- 
sition into at most 2/(r/3^) rectangles. 

Proof. Let ^ and t] be horizontal and vertical saddle connections of 
common length at most \/2/t. Then |hol(^) A hol(?7)| < 2/r. By 
Proposition 15. ![ the number of rectangles in the corresponding pair 
of cylinders decomposition is bounded above by 2/(r/5^). □ 

6. Pairs of cylinder decompositions 

In this section we review ideas of Thurston [Thj and Veech |Vel] 
that make it possible to bound the number of standard form surfaces 
in NSVT(/3). To this end assume M is a fiat surface for which the 
horizontal and vertical directions are periodic. The intersections of 
the horizontal and vertical cylinders divide the surface into rectangles. 
Let us label the rectangles with numbers !,...,£ and call the resulting 
surface a labeled surface. Let Se denote the permutation group on i 
symbols. Assume first that M is a translation surface, so that each 
rectangle has a well defined top, bottom, left and right edge. For 
k G {!,...,£} let ai{k) = k' if the k'th rectangle is attached to the 
right side of the kth rectangle. Let (J2{k) = k' if the k'th rectangle 
is attached to the top side of the kth rectangle. As in |EsOkj we 
observe that connectedness of M is equivalent to the condition that 
group generated by di and (T2 acts transitively on {1,...,^}. The 
collection of horizontal cylinders corresponds to the set of cycles of ai 
and the collection of vertical cylinders corresponds to the set of cycles 
of o"2. The orders of the singular points of M is determined by the cycle 
structure of the commutator of cxi and o"2. If M is a half-translation 
surface, a gluing pattern can be defined in a similar way. For example 
this can be defined using the orientation double cover. We will omit 
the details. 

We can also reverse this process. Say that ai and a2 are elements 
of Se, for which the group generated by ai and (T2 acts transitively on 
{1,. . Let a^^\a^'^^ be vectors with positive real entries, indexed 

by the cycles of o"i,o"2- Then there is a labeled translation surface M 
where the heights of the horizontal (vertical) cylinders are recorded in 
a^^^ (resp. a^^^); indeed, let Ri, . . . , Re be (labeled) rectangles where, if 
k belongs to the zth (resp. jth) cycle of ai ((72) then the height (width) 
of Rk is af'^ (resp a^^^)- We see that this surface is determined uniquely 
as a labeled surface. 

We say that a labeled surface is normalized if the horizontal and 
vertical directions are parabolic, and the shortest saddle connections 
in the horizontal and vertical direction have equal length. Associated 
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with such a surface is a pair of Dehn twist vectors corresponding to the 
horizontal and vertical cylinder decompositions. We have: 

Proposition 6.1 (Veech). The pair of permutations (cri,(T2) and the 
Dehn twist vectors uniquely determine M as a normalized labeled trans- 
lation surface. 

Proof. By the preceding discussion it suffices to show that the permu- 
tations and Dehn twist vectors uniquely determine the vectors a^*^^ , d = 
1,2. The Dehn twist vectors prescribe the ratios of inverse moduli of 
cylinders in a labeled surface; we will show that determining these 
ratios uniquely determines a^"^) up to two free variables. The assump- 
tions that M is normalized and has area 1 will be used to get a unique 
solution. 

Let B = [bij) be an integer matrix where i ranges over the cycles of 
0"! and j over the cycles of cr2, and bij is the number of elements in the 
intersection of the corresponding cycles. Define 

c<i)=5a(2) and = B'a^'\ 

Note that on a labeled surface, the circumference of the j'th horizontal 
cylinder is the sum of the widths of the rectangles contained in it. 
This is just ^bija^p . Thus, if a*^^^ contains the heights of horizontal 
cylinders on a labeled surface, then c*-^-* contains the circumferences of 
vertical cylinders and vice versa. 

Now let Ad = diag(n('^)), i.e. an integer diagonal matrix, indexed by 
cycles of ad, containing the Dehn twist data. In order for the surface 
determined by a^^\d^'^^ to be parabolic in the horizontal and vertical 
directions, with the prescribed Dehn twist vectors, the inverse modulus 
jj.f' of the ith cylinder must satisfy nf^ nf^ = Here yU.^^^ and n^'^^ 
are variables. The relationship between inverse moduli and Dehn twist 
numbers gives: 

Putting these matrix equations together gives 

so a^^^ is an eigenvector of Ei = AiBA2B^ corresponding to the eigen- 
value jj,^^^ iJi^'^\ The assumption that (cxi, (T2) acts transitively on {1, ... , (.} 
implies that Ei is an irreducible non-negative matrix. By the unique- 
ness of a positive eigenvector for an irreducible non-negative matrix 
[Gaj . a'-^-* is determined, up to a positive scalar, by the matrix Ei. 
Similarly a(2) is uniquely determined up to scaling by E2 = A2B^AiB. 

The shortest horizontal (vertical) saddle connection is a sum of some 
of the entries in a*^^) (resp. af^^^). Requiring these sums to be equal 
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implies that the scahng of a^^^ determines the scahng of a*^^-* . Rescahng 
both vectors by the same factor 7 changes the area of the surface by 
7^. There is a unique positive value of 7 which produces a surface of 
area 1. □ 

Corollary 6.2. If M G NSVT(/3) then condition (viii) of Theorem \l.l\ 
holds. 

Proof. Consider two saddle connections ^ and 77 on M with |hol(^) A 
hol(?7)| = j3o < T . By Propositions 13.11 the directions of ^ and 77 are 
parabolic directions on M, by Proposition 13.51 the Dehn twist vectors 
are bounded, and by Proposition 15.11 the number of rectangles in the 
corresponding pair of cylinder decompositions is bounded, hence so are 
the possibilities for the corresponding permutations. For any two such 
pairs (^j, r/j), i = 1, 2, there is g & G such that g^i = and gr]i = 772- If 
the corresponding Dehn twist vectors and permutations are the same, 
then gM is affinely equivalent to M by Proposition 16. Ij i.e. g &Tm- 
Thus the numbers of Pjvf-orbits of such pairs rj) is finite. □ 



7. Counting cylinder intersection patterns 

In this section we will obtain a combinatorial formula which will 
bound the number of affine equivalence classes of translation surfaces in 
NSVT(/3) and the sums of the co- areas of the Veech groups of surfaces in 
NSVT(/3). The first bound will imply Theorem 1 1 . 2 1 and the second will 
imply Theorem II. H since the case of half-translation surfaces follows 
via the orientation double cover. 

Let be the set of pairs of permutations (cri,cr2) in Si for which 
the group (o"i,cr2) acts transitively on the set {1, . . . ,£}■ As we have 
seen such a pair together with the Dehn twist vectors determine a 
normalized labeled surface decomposed into i rectangles. Since the 
horizontal and vertical cylinders of the surface correspond to cycles of 
(Ji and (J2, the Dehn twist vector fij may be viewed as a function from 
the cycles of aj to the natural numbers. Let y{i,l3) denote the set of 
quadruples (ai, (T2, rii, 722) where {(Ji,cr2) ^ and fij are Dehn twist 
vectors satisfying the bound in ([H]), in particular, compatible with M 
being in NSVT(/3). 

A permutation X E Si acts on the set of labels {!,...,£}, and this in- 
duces an action on (ai, (J2, ni,n2) by simultaneously conjugating aj and 
changing the domains of fij. If A fixes the quadruple (ai, (72, ni, ^2) then 
re-arranging the rectangles of the corresponding cylinder decomposi- 
tions gives rise to a translation equivalence of M. Moreover the rela- 
beling operation gives the entire translation equivalence class, since any 
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translation equivalence of a surface preserves the horizontal and ver- 
tical directions, thus preserves the cylinder decompositions and takes 
rectangles to rectangles. 
This gives: 

Proposition 7.1. The cardinality of any Se-orbit in y{i,(3) is at least 

Proof. For y = (ci, (T2, ni, 722) £ y{^,l3), let M be the corresponding 
normalized labeled surface as in Proposition 16. 1[ By the above discus- 
sion, the stabilizer in Se of y is isomorphic to the kernel Km of the 
map D : Aff(M) G. Since any translation equivalence permutes the 
rectangles on M, and any equivalence fixing a rectangle must fix all 
rectangles, the order of Km is at most i. □ 

Proposition 7.2. Let NSVT(/3) be the set of affine equivalence classes 
znNSVT(/5). Then 

NSVT(/3)| < 5^ J2 viWilM\cr2\,(3), 

£<1/I3 ^ '' (<7i,<72)eX^ 

where 

r/(r,/3) = (8/3f(^-^)(l-21og8/5r^ 
and \a\ is the number of cycles for a. 

Proof. Every class in NSVT(/5) contains a standard form surface M, 
with a decomposition into ^ < rectangles, by Corollary 15. 2[ The 
corresponding combinatorial data gives rise to a quadruple in 3^(^, 

and distinct classes in NSVT(/3) will give rise to quadruples in distinct 
^rorbits. According to Proposition 13.51 for each (cri,o"2) ^ the 
number of Dehn twist vectors fij for which (cxi, (T2, ni, 712) G /3) is 
at most ri{\aj\,(3). Thus the cardinality of 3^(£, /?) is bounded by 

^(l^lUMI^2|,/5). 

(o-i,(T2)eXf 

The size of an S'rorbit in y is at least — 1)! by Proposition 17.11 So 
the number of orbits in /3) is at most — 1)! The claim 

follows by summing over £. □ 

This explicit estimate, along with a similar bound for half-translation 
surfaces, proves Theorem ll.2[ We define areaNSVT(/3) to be the sum 

over the affine equivalence classes in NSVT(/3) of the areas of the Te- 
ichmiiller curves H/Fjv/. 
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Proposition 7.3. We have 

areaNSVT(/3) < 2n 

Proof. Every M G NSVT(/5) which is in standard form contains at 
most 2//?2 rectangles by Corollary ESI Thus J2e<2/f3^ - 1)' 

is an upper bound for the number of standard form surfaces which are 
affinely isomorphic to some M G NSVT(/5). Now the bound follows 
from Corollary 14.51 □ 

Since the sum of the areas is finite each individual area is finite and 
we get a proof of Theorem 11.11 

Remark 7.4. Our formulae do not distinguish surfaces on different 
strata, nor do they distinguish connected surfaces from disconnected 
ones. 

8. Proof of Theorem 11.31 

The following characterization of lattice surfaces is part of Theorem 
Ol 

Theorem 8.1. Let Ti he the stratum containing the flat surface M . 
Then M is a lattice surface if and only if the G-orbit of M is closed in 

n. 

Proof. For two proofs of this result, see the sketch in Veech |Ve2j or 
the proof in [SmWe2[ §5]. □ 

Proof of Theorem \1.3[ Vorobets |Voj proved the implications (i) <^==^ 

(v) =^ (iv) =^ (vi) <^==^ (ii) <^==^ (iii). Theorem 11.11 shows that (i) and 

(vi) are equivalent, Theorem 11.41 shows that (vi) and (ix) are equivalent, 
and Theorem 18.11 gives the equivalence of (i) and (x). Clearly that (viii) 
<^=^ (vii) -^^^ (ix), and Corollary 16.21 implies (ix) <^= (viii). Putting 
all these together one sees that (i)-(x) are equivalent. To conclude the 
proof we will prove that (i) =^ (xi) =^ (vii). 

Assume (i). It is well-known that if F C G is a lattice then there is 
a compact Ki C G/T such that any geodesic orbit intersects K; that 
is, denoting by vr : G — G/T the projection map, for every g & G one 
has 

Ki n {gtn{g) ■.teR}^0. 

Now taking F = Tm, and letting ip : G/T — s> be the orbit map 
(p{7r{g)) = gM, we see that (xi) holds with K = (f{Ki). 

Now assume (xi). Let 77 > be small enough so that for any Mq G K, 
the length of any saddle connection for Mq is at least rj. Let Vi,V2 G 
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hol(M) such that f i A f 2 7^ 0, and suppose Vi = ho\{6i) where 6i G C 
For h E G, let li{h) be the length of 6i with respect to the Euclidean 
metric on hM. 

Let g E G he a linear map such that gvi is horizontal, gv2 is vertical 
and both have the same length, which we denote by c. By assumption, 
there is t = t{g) e R with gtgM e K. If t > then 

V<l2{gtg)=e~'/%{g) = e^'/'c, 

so c > 77. If t < we apply the same argument with li instead of I2 to 
see that c> t]. Since g preserves the two dimensional volume element, 

\vi Av2\ = \gvi Agv2\ = > ?7^ 

which is a positive constant independent of vi,V2- □ 

Remark 8.2. Let C be the number of cusps in M/Tm- Then the ar- 
guments of [Voj show that the number of AS (M)- orbits of triangles as 
in alternative (iv) of Theorem \1.3\ is between G and G{2g + |S| — 2). 

9. The simplest lattice surfaces 

In this section we will list the first few lattice surfaces, ordered as in 
([1]). We will also list surfaces with removable singularities. 

Recall that any triangulation of M has t{M)/tt triangles, implying 

< (10) 

Proposition 9.1. // equality holds in (ITU]) then M is an arithmetic 
lattice surface, all triangles on M have the same area, all cylinders in 
a cylinder decomposition of M have the same height and all parallel 
saddle connections on M have the same length. 

Proof. Since a{M) is both a lower bound and the average of the triangle 
areas in any triangulation, the area of each triangle for M must be 
equal to a{M). We will now show that for any ^, the length |cr| of any 
CT e Cm{(^) is the same. By Theorem ll.3[ 6' is a parabolic direction 
for M, so a is contained in the boundary of a cylinder G, and there 
is a singularity x in the boundary component of G opposite to a. If 
a' G Cm{(^) is in the same boundary component of G as a, consider the 
triangles A and A' with apex x and base a and a' respectively. Since 
these triangles have the same height and area we find that \a\ = \a'\. 
Similarly, if a" is a segment on the boundary component of G opposite 
to cr then a triangle A" with base a" and apex an endpoint of a has 
the same area and height as A so we find that |cr| = |cr"|. 

Now consider another cylinder G' whose boundary contains a. Since 
it contains a triangle with base a, its height is the same as that of G, 
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and any saddle connection on either of its boundary components has 
length |cr|. Continuing in this fashion and using the connectedness of 
M we find that all segments in Cm{0) have the same length and all 
cylinders in the corresponding cylinder decomposition have the same 
height. 

Now consider C, a as before and let a' be a saddle connection passing 
from one boundary component of C to another. Write v = hol(o"), f ' = 
hol(cr'), and consider any saddle connection A on M. We can write 
hol(A) = nv + n'v', where n (respectively n') is the number of times A 
passes through a cylinder in the direction of a' (resp. a). In particular 
hol(M) C Zv © Zv'. It follows by |GuJul §5] that M is arithmetic. □ 

We now list some examples of arithmetic lattice surfaces M and 
calculate a{M). Let 7 = r/vr denote the number of triangles in a 
triangulation of M, so that by we have 

7 = 2(5^r^ + |E|) = 2(2(7-2+ |E|). (11) 

(1) Let Ml be the standard flat torus [0, 1]^ with opposite sides 
identified, with one marked point at the origin. By (ITTl) 7 = 2 
so a(Mi) < 1/2. On the other hand hol(Mi) C so that 
\vi Av2\ > 1 for any two linearly independent Vi,V2 G hol(Mi). 
Since the area of a triangle with sides Wi, ^2 is |fi A f2|/2 we see 
that a(Mi) = 1/2. 

(2) Let M2 be the standard pillowcase with 4 singularities of total 
angle tt. Then 7 = 4 so that a{M) < 1/4. On the other hand 

hol(M3) C (^^Zj , so that a{Ms) = 1/4. 

(3) Let M3 be the standard torus with one marked point at the 
origin and another at (|, O). Then 7 = 4 so that a{M2) < 1/4. 
On the other hand hol(M2) C Z [|] © Z so that ^(Ma) = 1/4. 

We now show: 

Proposition 9.2. NST (i) consists of the affine equivalence classes of 
Mi,M2,M3. 

Proof. The above discussion shows Mi,M2,M3 G NST and it re- 
mains to show that if M is a fiat surface with a = a{M) > 1/4 then 
M is affinely equivalent to one of the Mj. Let 7 be as above, so by ( fTOl) 
we have 7 G {2,4}. If 7 = 2 then either g = 1 and |S| = 1 or (7 = 
and |S| =3. In the first case, since the moduli space of tori with one 
marked point is a single G-orbit, we find that M is affinely equivalent 
to Ml. The second case does not occur as there is no solution to ([2]) 
with three singularities. 
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Now suppose 7 = 4. The only solutions to ( ITOl) are ((? = 0, |S| =4) 
and ((7 = 1, |S| = 2). In the first case it follows from ([2]) that the four 
singularities have r„ = —1/2 so M is a pillowcase. Since the mod- 
uli space of the pillowcase consists of a single G-orbit, we have that 
M is affinely equivalent to M2. In the second case by (11 II) the two 
singularities o"i,(T2 satisfy either 

(i) r., = -l/2,r., = 1/2. 

(ii) r^^ =r^^=0] 

In case (i) we obtain a half-translation structure on a torus, but such 
a flat surface does not exist (see |MaSmj ). In case (ii) M is a torus 
with two marked points. Applying an element of G we may identify 
M with the unit square, and there is no loss of generality in assuming 
that one of the marked points is at the origin. By Proposition 19.11 if a 
is the saddle connection connecting the two marked points inside the 
unit square, then there is a parallel segment from the second marked 
point to a singularity, of the same length. This implies that the second 
marked point is at either of the points (|,0) , (O, |,) , (|, |) . All of 
these cases are afSnely equivalent to M3. □ 

If a is not too small one can continue applying such arguments to 
identify NST(a). For example, in addition to Mi,M2,M3, NST (|) 
consists of a torus with two marked point, a torus with three marked 
points, a genus 1 half-translation surface made by gluing a torus and a 
pillowcase along a slit, and a genus 2 surface (see Figure 1). All these 
examples are arithmetic. 




Figure 1. Two surfaces in NST (|) 
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